The propagation of airborne plane wavesi nt he presence of am eta poroelastic laminate, that is ap oroelastic matrix coated with thin elastic layers at its facings and periodically-embedded with inclusions, is studied. Using the Finite Element Method (FEM)o nly would result in ad rastic increase of the degrees of freedom due to the finemesh required to account for the very thin coatings. Here, the approach relies on: the Bloch wave expansion of the fields in air; the modal Transfer Matrix Method to account for the coatings; and the coupling with the FEM model of the poroelastic matrix and the resonant inclusions. The model is developed for reflection and transmission problems and it can account for coatings with multiple layers. The procedure induces the addition of the Bloch coefficients in the FEM'slinear system at anegligible additional computational cost. It is applied to the meta poroelastic laminates with poroelastic inclusions and rubber shell inclusions. The results are compared with those from the Multiple Scattering Theory and an excellent agreement between the methods is found. The approach offers anumerically-efficient waytoaccount for coatings applied to meta poroelastic layers, and finds applications in industrial prototypes where coatings are widely used.
Introduction
Sound insulation is aprominent research topic in acoustics and the development of tailored absorbers using structured media has gained even more interest with the emergence of the so-called metamaterials [1, 2, 3, 4, 5] . Recently,the use of meta-poroelastic media, consisting of micro-structures periodically embedded in ap oroelastic matrix, has been put forward [6, 4, 7] . Such materials rely on the acoustic/elastodynamic energy reduction, while energy dissipation is achievedt hrough visco-thermal phenomena in the matrix pores.
Besides, audacious designs are becoming more and more accessible, and newm anufacturing solutions such as 3-D printing [8, 9, 10] nowa llowm aterializing algorithmically-generated structures with ah igh fidelity. In particular,manufacturing numerous quasi-identical unit cells is made possible and allows for full scale measurements. Such prototyping techniques motivate the use of advanced optimization techniques (such as genetic algorithms or nonlinear programming)t hat requires simulating the systems under realistic conditions al arge number of times [11, 12] .
To this end, efficient and accurate numerical models of systems are required and several options have been con- sidered. On one hand, semi-analytical approaches such as Multiple Scattering Theory [13] , allowf or very fast evaluation of system responses at the cost of an initial analytical resolution. Nevertheless, Multiple Scattering Theory (MST)i sl imited to simple inclusion geometries. On the other hand, more versatile purely numerical techniques may be used to model one elementary cell with periodicity conditions buttend to exhibit amuch higher computational cost at each evaluation. The Finite-Element Method (FEM)i sp art of this second group and the cost of evaluation is directly linked to the mesh refinement which, in turn, is related to both the frequencyo fi nterest and the size of the smallest geometrical features. The latter is of particular interest in the scope of meta-poroelastic systems for which the free surface may be protected by thin layers (e.g. films or fabric)that have an impact on the acoustic response and tend to drive the mesh refinement, increasing considerably the computational cost. Considering these points, it provesinteresting to develop amethod combining the versatility and ease of modelling associated to the FEM while alleviating the cost of added layers by accounting for them separately.
The present work is concerned with the plane wave reflection/transmission of airborne sound from al aminate panel made of am etaporoelastic layer sandwiched between very thin elastic coatings. Am ethod is presented which couples the FE model of am eta-poroelastic layer and the Bloch expansions of the fields in the surround- Figure 1 . Ageneric elementary cell of an infinitely periodic system. The dotted lines on each side denotes periodicity conditions (applied in the FE scheme). Adetailed description of the cell is giveninsection 2. The inclusion is not detailed and is of very little importance: only counts the homogeneity of the interface Γ + .
ing media. The proposed approach efficiently accounts for elastic coatings that may be added to the poroelastic matrix and modelled with only af ew additional degrees of freedom. The model can give access to the reflection and transmission coefficients not only for the specular modes but also for the Bloch modes of higher order.The problem is tackled in 2-D and no particular assumption is made about the inner design of the metaporoelastic layer.The method is presented in Section 2, and the results are compared with those from the Multiple Scattering Theory (MST)for poroelastic media [6] in Section 3.
Numerical model

Statement of the problem
The meta-poroelastic laminate consists of the infinite Dperiodic arrangement along the x axis of the elementary cell made of (1) ap oroelastic matrix; (2) one or several periodically embedded inclusions of arbitrary shape in the poroelastic matrix; and (3) at hin elastic coating at the plane boundary Γ − of the poroelastic matrix, see Figure 1 . The coating is supposed to be made of homogeneous elastic material. Furthermore, the exact nature of the inclusions is not specified at this stage, buttheyare supposed to be sufficiently long to tackle the problem in the 2-D cross section (x, z). In this Cartesian coordinate system, the interface Γ + is givenbyz=z + while the coating boundary Γ − on the other side is givenbyz=z − .For simplicity in the derivation, the meta-poroelastic laminate is arranged against ar igid backing at the boundary Γ b and as inglelayer coating is considered. The model will be extended to transmission problems and multi-coating configurations in Section 2.4.
The meta-poroelastic laminate is supposed to be in contact with air at the boundary Γ − ,s ee Figure 1 . The reflection of an airborne unitary plane wave from the metaporoelastic laminate is studied in the linear harmonic regime at the circular frequency ω (using e jωt time convention). Taking advantage of the adaptivity of the FEM and its ability to model various types of inclusions, the meta-poroelastic layer comprising the poroelastic matrix with the inclusion will be modelled using the FEM. As a first step to the Finite Element Method [14] , the equations governing the equilibrium in the poroelastic matrix and the inclusions are formulated in their weak form. The two classical approaches to model poroelastic with the FEM use the solid displacement u s and interstitial pressure p as main variables. Theydiffer in their wayofaccounting for boundaries: Reference [15] proposes aboundary operator coupling naturally with fluid media, whereas the formulation in [16] couples best with elastic and poroelastic media. This last formulation uses the total stress tensor σ t and relative displacement w between solid and fluid phase as secondary variables used in the boundary operators. While the full weak form associated to the FEM domain is beyond the scope of the present work, the expression of the boundary operator along Γ + ,here expressed with the normal n pointing outwards the FE domain, is givenby
Ac rucial point is that all the other boundaries of the FE domain are treated classically by the FEM. Theywill not be discussed in the present paper. Evaluating this integral is hence one keyo ft he FEM model. To avoid modeling the coating with the FEM (which would inevitably lead to ad rastic increase in the number of degrees of freedom due to the very finem esh required by very small thickness), an alternative procedure is presented here, that takes advantage of the quasiperiodicity in the system. The present approach relies on the transfer of the unknown Bloch coefficients from the fluid medium to the poroelastic matrix. At echnique similar to the transfer matrix method is used for transferring the Bloch expansions and allows to account for the coating by rewriting the FEM boundary operator I and the associated set of continuity conditions.
Bloch wave expansions and modal Transfer Matrix Method
Due to the D-periodicity of the meta-poroelastic laminate, the pressure field p a in air can be expanded as follows in terms of Bloch waves,
where δ 0l is the Kronecker symbol and represents the amplitude of the incident wave, R l are complexreflection coefficients and k l x and k l z are the Bloch wavenumbers defined as 
Similarly,t he solid particle displacement u e (x, z ± )a tt he boundary Γ ± of the elastic coating (fixedvalue of z = z ± ) can be expanded as
where the vectors u T at the boundary Γ ± is expanded as
At the interface Γ − between the fluid medium and the coating, that is at z = z − ,t he following boundary conditions hold, stating the continuity of the normal flux and of the surface stress vector, (2), (4), (6), (7) and the orthogonality of the Bloch waves, the interface conditions (8) leads to the following relations, where the Bloch modes are decoupled from one another, 
The components on the left-hand side of equations (9) can be advantageously arranged in the state vector S − l for Bloch mode l at the boundary Γ − (z = z − )as
Then, using expression (5) for the displacements u a,i z and u a,l z ,e quation (9) can be written in the following matrix formulation: 
Likewise, the state vector S + l for the Bloch mode l at the boundary Γ + (z = z + )reads
Considering the orthogonality of the Bloch waves( exponential functions), each Bloch mode l at the boundary Γ + depends linearly on the Bloch mode of the same order l at the boundary Γ − .Introducing amodal transfer matrix [T l ] for each Bloch mode l,this linear relation is givenbythe relation
The expression for the modal transfer matrices [T l ]related to the elastic coating can be found in [17] . Now, substituting (11) into (14),t he state vector S + l is found to takethe form 
Note in equation (15) that the state vector S + l for the Bloch mode l at the boundary Γ + actually depends on the vector Q l of unknowns, that are the modal displacement u e,l x (z − ) in the x-direction at the boundary Γ − ,a nd the reflection coefficients R l in air.Inother words, these unknowns have been transferred to the interface Γ + between the coating and the meta-poroelastic layer.I nt he next section, the method to incorporate these unknowns into the FEM model of the meta-poroelastic layer is presented.
FEM implementation
At the interface Γ + between the elastic coating and the poroelastic matrix, the following conditions hold, which state the imperviousness of the coating, and the continuity of the solid displacements and normal surface stresses,
The minus sign in the balance of surface stresses has been introduced to comply with the orientation of the normal vector at Γ + .U sing equations (7) and (13) 
where the subscripts 3, 4d enote the extraction of the 3rd and 4th rowo ft he tensor.C ombining equation (18) with (15) results in
Substituting this expression back into the expression of I in equation (1) and using the impervious surface condition w · n = 0atΓ + from equation (18),the boundary operator reads
Similarly,using the last condition of (17) as well as equations (13) and (6),t he displacement at the surface of the poroelastic matrix is retrieved. Directly substituting S
where the subscripts 1,2 denote the extraction of the first and second rows of the vector or matrix. Projecting the continuity of the solid displacement in equation (21) on each Bloch mode along Γ + and using the orthogonality of the Bloch series' components yields as et of continuity conditions depending on the unknown coefficients and the fields from the FEM,
Both equations (20) and (22) can nowbeimplemented in the FEM model of the poroelastic matrix with the inclusion. After the spacial discretization and the Galerkin expansion overas et of shape functions, the FEM process results in alinear system
where the matrix [A]describes the propagation in the volume; the vector B comes from the discretization of the boundary operator; and the vector X contains the N FE nodal values for the fields [14] . To perfectly represent the reflected field, the Bloch wave expansion involves infinite sums on Z,b ut for practical reasons, only at runcation to 2N + 1t erms ranging from −N to N is considered. The integer N is chosen according to an empirical rule based on previous numerical experiments [18, 19, 6] and is large enough for the Bloch waves' series to represent the fields' complexity,
where Re(x)r epresents the real part of x and 5ischosen as asecurity term. The vectors Q l of unknowns are gathered in the overall vector Q,
The discretization of the boundary operator I as expressed in (20) is included in the right-hand side term B along with the terms from the other boundaries (gathered in F 0 butnot detailed in this work),
where the N FE vector F and N FE × 2(2N + 1) coupling matrix [C]c ome from the discretization of the first and second terms in (20) ,respectively.The evaluation of these terms must be handled with care since theymight require integration of exponential-polynomial products. Likewise, the discretization of (22) yields the following relation
where the 2(2N + 1) × N FE matrix [C ], comes from the discretization of the left-hand-side term of (22) while the 2(2N +1) vector F and the 2(2N +1) diagonal matrix [A ] come from the discretization of the first and second terms in the right-hand-side of (22).N ote that F is zero for all l except for l = 0w here it takes the value D.F inally, combining equations (23) to (26),t he following overall FEM/Bloch coupled-system is formed,
Hence, the vector of the FEM unknowns X is extended by the 2(2N + 1) vector of unknowns Q from the Bloch expansions.
Extension to transmission problems and multicoating configurations
The method has been presented for the reflection problem on am eta-poroelastic laminate with ar igid backing and asingle coating above the meta-poroelastic layer.Itis nowextended to the transmission problem and multi-layer coating configurations. Extension to transmission problems The fields transmitted through the system are accounted for in amanner similar to the reflected ones. Based on Bloch wave expansion, expressions similar to (2) can be written for the transmitted fields. This implies introducing anew set of unknown coefficients Q Tl to be added to the linear system. The continuity relations between the FE domain and the coatings are rewritten in terms similar to (17) .This procedure leads to anew extension of the linear system for the transmission case, Extension to multi-coating configurations Form ulticoating configurations, the approach relies on the modal Transfer Matrix Method (TMM)t ot ransfer the fields through the different coating layers. Ageneralised transfer matrix for the whole multilayer can be deduced by multiplying the transfer matrices [T(n)] related to each of the N L layers in the system [20] . This leads to an ew set of [T l ]m atrices that can be substituted into (14) to account for amultilayer coating.
Applications
Three different cases are presented in this section, one is a transmission case without inclusion and the twoothers are reflection cases with periodic embeddings. The reference for the transmission case is computed using the TMM. On the other hand, the reflection cases reference solutions are computed using asemi-analytical Multiple Scattering [21] approach. Schematics of the test cases can be found in Figure 2and physical properties of the materials in Table I . 
Transmission Case
This first test computes the absorption coefficient and transmission loss of arubber-poroelastic-rubber sandwich panel. The problem is of infinite extent along the x direction, which is enforced using periodicity conditions on both sides of an elementary cell depicted in Figure 2a the proposed approach allows reducing the number of elements while controlling the loss of accuracy. Aplane wave impinges the surface of the multilayer at an angle θ with respect to the normal to the surface and, giventhe problem geometry,only specular reflection and transmission might exist. In order to test the proposed method, the solution is computed considering 11 Bloch wavesb oth in transmission and reflection and as manyt erms in each of the two expansions for u x .T he higher-order reflection and transmission coefficients are all expected to be null.
Using the TMM solution as ar eference, one can validate the proposed approach by computing the evolution of the absorption coefficient and transmission loss with regard to the frequency. The results for this test are presented in Figure 3w here solid lines correspond to the proposed method and the markers to the TMM reference. This figure shows aperfect agreement between both methods overthe whole frequencyr ange and particularly around the peaks of large absorption and transmission. The FE mesh is sufficiently refined and this first result suggests that the proposed method does not induce anyloss of precision.
In order to check that the solution vector is consistent with the expectations, one may plot the evolution of the coefficients from the Bloch series with respect to the frequency, as proposed in Figure 4 . The null-order coefficients (specular)a re plotted in Figure 4a and the higherorder ones in 4b.One clearly sees that, except for the coefficients R 0 and T 0 ,all values are down to the order of 10 This validates that the method givesconsistent results and does not generate artifacts. In order to highlight another ability of the method, the period is increased (D = 150 mm)while keeping the same number of elements. The comparison is made between the TMM reference (Figure 3a) , asolution using the proposed approach and apure FEM solution modeling both the core and the coating using the FEM. Because of the period increase, the elements are slightly larger than in the previous case and the agreement with the reference solution is expected to be worse.
The results are shown in Figure 5w ith the TMM reference in circle markers, the proposed method in solid line and the FEM in dashed line. One sees that at low frequency, all approaches produce similar results. As the frequencyi ncreases, the under-refined mesh leads to discrepancies in the pure FEM, the method being unable to represent the phenomena above 1k Hz. This is as ide effect of distortion induced by an insufficiently refined mesh. The proposed approach does not experience the same issue: the coarse mesh tends to produce aslight shift of the peak towards lowf requencies compared to TMM butt he agreement is still good even without adding elements. Up to 5k Hz, no major disagreement between the TMM reference and the proposed approach can be noted, neither in amplitude nor peaks positions. 
Reflection cases with inclusions
To illustrate the effects of the meta-poroelastic laminates on wave reflection, twoc onfigurations are studied. In the first case, the inclusion is made of poroelastic material, while in the second case the inclusion consists of arubber shell with a0.2mmthickness filled with air,see Figures 2b and 2c. In both configurations, circular inclusions have an external radius of 8m m, the period is D = 20 mm, the poroelastic matrix is 20 mm thick and is placed on arigid backing while its free surface is coated with a0.2mmrub-ber layer.Results are presented in Figure 6 , and are compared with those obtained by the Multiple Scattering Theory for poroelastic media [21] . Twoa ngles of incidence are considered: normal incidence (θ = 0) and oblique incidence with θ = π/3. The overall agreement between both methods is excellent and both the amplitude and the position of maxima match well.
Conclusion
In the present work, am ethod to account for thin plane structures at the boundary of aF inite-Element model is proposed. This method does not require to mesh the considered coating, limiting both the increase in complexity of the model and the potential distortion effects. The method is based on atransfer matrix approach and allows accounting for single-and multilayer coatings for anegligible increase of the model'ss ize, while keeping the versatility of the FEM. The proposed approach wascompared to the semi-analytical Multiple Scattering Technique to assess its accuracy. Results were in excellent agreement and the method is thus deemed reliable for the considered cases. Although the theoretical discussion wasfocused on asingle layer elastic coating placed on ameta poroelastic layer, the approach could be extended to other types of media (anisotropic, for instance).
The whole development has been thought for meta materials design. Actually,t he technique presented in this work has the potential to facilitate design of newmeta absorbers. It alleviates the cost of meshing the coatings and allows to resolves eparately all Bloch coefficients while still taking advantage of the FEM'sv ersatility.B ased on the FEM, the method allows to visually explore the ongoing phenomena by generating maps as could be done with pure FEM typically implemented in commercial software. Examples of such maps for the system presented in Figure 2b are depicted in Figure 7 . These field representations allowtofinely investigate localization and radiation properties of such systems and can eventually servea sa guide towards newdesigns.
Applications of this work may concern anumerical approach to the design of meta materials and meta poroelastic laminates, especially in industrial applications where multilayer coatings are heavily used for protection, aesthetics, etc. and where the efficient simulation of their effect is crucial to the design process.
